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Chaotic Lagrangian trajectories around an elliptical vortex patch embedded 
in a constant and uniform background shear flow 
L. M. Polvania) and J. Wisdomb) 
Massachusetts Institute o/Technology. Cambridge. Massachusetts 02139 
(Received 5 May 1989; accepted 17 October 1989) 
The Lagrangian flow around a Kida vortex [J. Phys. Soc. Jpn. 50, 3517 (1981)], an elliptical 
two-dimensional vortex patch embedded in a uniform and constant background shear, is 
described by a nonintegrable two-degree-of-freedom Hamiltonian. For small values of shear, 
there exist large chaotic zones surrounding the vortex, often much larger than the vortex itself 
and extremely close to its boundary. Motion within the vortex is integrable. Implications for 
two-dimensional turbulence are discussed. 
In recent years our understanding of incompressible 
two-dimensional turbulence at very high Reynolds numbers 
has been revolutionized by the advent of high-resolution nu-
merical simulations 1-5 which have shown that an initially 
turbulent vorticity field evolves into one composed of a few 
isolated strong vortices moving in an extremely convoluted 
mass of weak vorticity filaments, whose dynamics has been 
demonstrated to be similar to those of a passive scalar.4 Re-
cent computations by Dritschel and Legras6 indicate that 
coherent structures formed in two-dimensional turbulence 
tend to be rapidly stripped of the outer layers of vorticity, 
leaving very steep vorticity gradients. The Kida7 vortex, a 
single inviscid elliptical patch of vorticity superimposed on a 
constant uniform background shear (rotation plus strain), 
is a simple model for an isolated vortex in the field of other 
distant vortices. In this Letter we present results on the La-
grangian flow in the velocity field of Kida vortices. 
The problem of an elliptical patch of uniform vorticity 
superposed on a background with uniform vorticity and 
strain was investigated by Moore and Saffman,8 who discov-
ered stationary solutions, and later generalized by Kida,7 
who showed that, in the presence of a background stream-
function given by 
(1) 
where wand s are, respectively, the nondimensional9 back-
ground vorticity and strain, an initially elliptical vortex re-
tains its elliptical shape for all times. The aspect ratio 
A ( 0 < A < 1 ) of the vortex and the angle q; between the major 
axis ofthe vortex and the x axis evolve in time according to 
dA ., . 2 




-=OK +- [w+sAcos2q;], 
dt 2 
where OK = A / (1 + A) 2 is the angular velocity of an ellipti-
cal vortex patch in the absence of a shear (a Kirchhoff vor-
tex), and A = (1 + A 2)/( 1 - A 2); Kida7 showed that (2) 
has a constant of the motion and can be recast in Hamilto-
nian form. Even for constant wand s, the phenomenology of 
its solutions is very rich. Briefly, at constant w, for values of 
the strain sufficiently large, all vortices are sheared away by 
the background flow (i.e., A-+O). On the other hand, for 
fixed s, given large enough background vorticity, the aspect 
ratio oscillates periodically while the vortex rotates. For 
comparable values of vorticity and shear the behavior is 
more complicated. The steady solutions of Moore and Saff-
man correspond to the critical points of (2). The linear and 
finite-amplitude stability of the Kida solutions have recently 
been investigated by Dritschel lO and Meacham et al. II The 
examples presented in this Letter are all linearly stable. 
We have studied the trajectories of fluid particles in the 
flow field of a Kida vortex for constant wand s. In Cartesian 





and dy = a\ll , 
dt ax 
(3) 
where the total streamfunction \II(x,y,t) = 1/1 v (x,y,t) 
+ 1/18 (X,y), and the component 1/Iv resulting from the vor-
tex is the streamfunction of a Kirchhoff ellipse l2 of aspect 
ratio A (t) and inclination q;(t). For periodic (A,q;) motion, 
the streamfunction \II, which plays the role of the Hamilto-
nian in (3), contains explicit periodic time dependence. In-
side the vortex, \II is quadratic in x and y, and thus (3) is 
linear with periodic coefficients; therefore the motion inside 
the vortex is integrable. Outside the vortex (3) is nonlinear 
and explicitly time dependent; therefore one expects to find 
instances of deterministic chaotic advection. 13.14 Although 
several examples are now known of chaotic mixing in two-
dimensional (2-D) inviscid flows due to time-dependent Eu-
lerian streamfunctions composed of combinations of point 
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vortices, 14.15 we believe this to be the first example of chaotic 
advection resulting from afinite-area vortex whose velocity 
field is continuous in both space and time. 
In order to numerically integrate (3), we have found it 
convenient to express the position of a fluid particle in terms 
of elliptical coordinates (p,{}) rotating and stretching with 
the vortex itself. The transformation between the latter and 
the fixed Cartesian coordinates (x,y) is given by 
x = c cosh p cos. {} cos q; - c sinh p sin {} sin q;, 
y = c cosh p cos {} cos q; - c sinh p sin {} sin q;, (4) 
where c2 = (1 - A. 2) /11.. Since the analytical form of t/J v is 
given in terms of (p,{}) and since the inversion of (4) is 
complicated, we have chosen to integrate the variables 
(p,{})-instead of (x,y). Using (1), .(3), and (4), one 
shows, after some algebra, that the evolution equations for p 
and {} are given by 
dp (c2h 2)[ (. -2 at/Jv) dt = -2- - OK sm 2{} + 2c a{} 
+ +SY(P,{},q;)], (5) 
where 
and 
Y = (cosh 2p sin 2 {} cos 2q; + sinh 2p cos 2 {} sin 2q;) 
- A (cos 2q; sin 2 {} + sinh 2p sin 2q;), 
[1 = (sinh 2p cos 2{) cos 2q; - cosh 2p sin 2{} sin 2q;) 
+ A (sin 2q; sin 2 {} - sinh 2p sin 2q;), 
c2h 2 = (cosh2p-cos2{})-I. 
Thus, instead of solving (3) directly, we have studied the 
equivalent two-degree-of-freedom Hamiltonian problem 
constituted by (2) and (5), which we have integrated nu-
merically using the Bulirsch-Stoer algorithm 16 with relative 
accuracy of 10- 11 per time step. 
Notice that when s = 0 the ellipse rotates with angular 
velocity OK + q)w with a constant aspect ratio; this is a 
Kirchhoff vortex, for which the fluid motion is integrable. 
The corotating streamfunction of the Kirchhoff vortex pos-
sesses two hyperbolic critical points 17 located along the ma-
jor axis on either side of the ellipse, as well as two elliptic 
critical points (designated "ghost vortices" by Melander et 
al. 18); these are easily obtained as the stationary solutions of 
(5). In the presence of a small strain the Hamiltonian be-
comes time dependent. As is expected from the theory of 
perturbed Hamiltonian systems, the chaotic regions appear 
first around the separatrices connecting the hyperbolic 
points. 
A remarkable result is that even small values of scan 
result in large chaotic zones. These chaotic zones may be 
exhibited by computing surfaces of section, obtained in this 
problem by strobing the particle trajectories at the period of 
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FIG. I. The surface of section for an w = 0, s = 0.03 Kida vortex, with 
it = 0.5 at fP = O. A single trajectory has been strobed with the period of 
rotation of the vortex, each dot representing the position of the fluid particle 
at each successive (fP,il) period. The elliptical contour inside the chaotic 
zone indicates the boundary of the vortex. 
the (q;,A.) motion, when q; = O. An example is illustrated in 
Fig. I, which shows a surface of section of a Kida vortex at 
w = 0, s = 0.03 and with A. = 0.5 at q; = 0; the aspect ratio 
varies in the interval 0.435 251 48 ... < A. < 0.5 and the period 
of revolution of the vortex differs only by half a percent from 
that of a Kirchhoff vortex with the same average aspect ra-
tio. The time scale for the exponential divergence of nearby 
trajectories, as characterized by the largest Lyapunov expo-
nent, is ofthe order of the (q;,A.) period. Thus the mixing in 
the chaotic zone is very rapid. For this particular case, the 
background field is hyperbolic and the particle eventually 
escapes from the vicinity of the vortex (see the top portion of 
Fig. I). 
Another particularly interesting finding is the unexpect-
edly large size of the chaotic zones for background strain and 
vorticity values in the vicinity of Iwl = lsi; this region corre-
sponds to a background flow that is a simple shear (an un-
bounded Couette flow). An example is presented in Fig. 2, 
where a surface of section for the case w = 0.5, s = - 0.5, 
and A. = 0.8 at q; = 0, for which the background velocity is 
purely zonal and linear in y [cf. (1)]. This configuration 
may be of considerable geophysical importance, since sever-
al examples of strong isolated coherent vortices embedded in 
shear flows have been observed in planetary atmospheres. 
The size of the chaotic zone grows with the amplitude of 
the periodic contraction-expansion cycle of the vortex; the 
Moore and Saffman solutions have no chaotic zones since 
the Hamiltonian is time independent. For a given amplitude 
of the (q;,A.) motion, the size of the chaotic zones generally 
increases with increasing s at fixed w, and when lsi> Iwl the 
chaotic zones can open to infinity (e.g., see Fig. 1). We have 
found that, for w = 0, the "residence time" (Le., the time 
before the particle escapes from the vicinity of the vortex and 
is carried away by the strain field) becomes extremely 
short-on the order of the period of the (q;,A.) motion for 
s ~ 0.1. In general, the chaotic zones are very small when w 
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FIG. 2. The surface of section for an (J) = 0.5, s = - 0.5 Kida vortex, with 
A. = 0.8 at tp = O. For this vortex, rotating and stretching in a simple shear, 
the aspect ratio varies within 0.384 535 ... <A. <0.8. 
and s are larger than unity. The largest we have found for 
values of Iml and lsi is less than about! and near Iml = lsi-
The presence of these chaotic zones could well provide a 
mechanism for the recently observed 10 extremely complicat-
ed behavior of the vorticity filaments that are generated dur-
ing the evolution of perturbed Kida vortices. We show, in 
Fig. 3, the evolution of a patch of dye (i.e., passive tracer) 
composed of 5 X 103 particles, initially situated in a small 
region covering the hyperbolic stagnation point located just 
outside a vortex (here m = 0, s = 0.03, and A = 0.4 at 
qJ = 0). Chaotic advection produces a large amount of mix-
ing that spreads the dye over a broad region after only a few 
rotations of the vortex, even for such a small value of the 
background strain. 
In a recent study of high-Reynolds-number two-dimen-
sional turbulence, Benzi et al.,5 have shown that the regions 
of greatest local exponential divergence of Lagrangian tra-
jectories are found surrounding the strong coherent mono-
polar structures that emerge spontaneously from the initial~ 
ly turbulent vorticity field. These vortices are eventually well 
separated and the motion in their interior is very coherent,5 
but each one undoubtedly experiences the shear induced by 
the other strong vortices present in the flow. Though the 
observed time scale for local exponential divergence is not 
much smaller than the characteristic time scale for changes 
in the local background vorticity and strain at each vortex,5 
the Kida vortex with a time-independent background flow is 
not an unreasonable first model for the coherent structures 
in 2-D turbulence. Our study has shown that vortex patches 
in this model are often surrounded by large chaotic zones 
with rapid mixing, even for relatively small background 
shears, and that their interior is integrable. These facts are 
consistent with the observed stable motion inside the vorti-
ces and the presence of these large chaotic zones provides 
considerable insight into the observed enhanced local expo-
nential divergence around the coherent structures. 
Our study suggests that the complicated behavior of the 




FIG. 3. The evolution ofa small patch of passive tracer in the exterior field 
of a Kida vortex, with (J) = 0, S = 0.03, and A. = 0.4 at tp = O. At t = 0 the 
patch encloses the Kirchhoff unstable fixed point. The frames are plotted 
every two revolutions of the vortex; time advances to the right and down-
ward. The aspect of this vortex varies in the interval 0.343 041... <A. <0.4. 
low-level, essentially passive,4 filamentary vorticity contin-
uum that coexists with isolated coherent structures in high-
Reynolds-number 2-D turbulence may result from chaotic 
advection and mixing induced by the coherent vortices. 
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